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Abstract. In this paper we give an explicit computation of the Ellis enveloping 
semigroup associated to particular dynamical systems, which we call rotations 
on cut up tori. The considered systems are almost one-to-one extensions over 
rotations on tori, and as a byproduct we prove that a rotation on a cut up torus 
is a tame system. Our setting covers the case of the discrete dynamical system of 
an almost canonical cut & project pattern, and is illustrated with the treatement 
of the octagonal tiling discrete dynamical system. 

Outline 

The motivation of this work comes from the study of aperiodic point sets, or pat- 
terns, of M°'. The intensive study done so far permits to describe important properties 
of a considered point set in terms of its associated dynamical system. In particular, 
a striking result in this direction is that the locations of the Bragg peaks in the 
diffraction spectrum of a physical material modeled by the point set generates the 
group of eigenvalues of the dynamical system given by the hull with R'^-action. The 
eigenvalues are in general hard to identify, but the special class of topological eigen- 
values (the ones associated with a continuous eigenfunction) is conveniently obtained 
as the character group of a factor of the system, called the maximal equicontinuous 
factor. Roughly speaking, having plaint of continuous eigenvalues is equivalent to 
have the system close to its equicontinuous factor. The enveloping semigroup (or 
Ellis semigroup after its inventor) associated to the dynamical system is a quite sen- 
sitive tool regarding this connection. In particular, it has been proven that if the 
dynamical system is tame, a property involving its Ellis semigroup, then (among 
other consequencies) the system is measure conjugated with its maximal equicon- 
tinuous factor, and this latter fact implies pure point diffractivity of the point set. 
However in general the Ellis semigroup is hard to compute and the tame property 
for the system not so easily detectable. Thus we concentrate our point of view on a 
particular class of point sets, called almost canonical cut & project pattern, for which 
we show that the Ellis semigroup is computable. It appears that for this class of 
point sets the system is tame (implying thus pure point diffraction spectra for these 
sets, although it was a well known fact already). 

A detailed exposition on almost canonical cut & project patterns can be found in 
the literature (see for instance [3]) O)- The class of such point sets is defined by the 
method to construct them: as projections of the points of a rank Bravais lattice 
lying in a certain neighborhood of an irrationally placed d-dimensionnal subspace 
E. The neighborhood is determined by a window W (the atomic surface) which is 
a polyhedron in the n := N — d dimensional subspace E-^ perpendicular to E. The 
cut & project pattern is the point set obtained by projecting the lattice points lying 
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in E + W onto E along E-^. The parameters are chosen such that the projection 
of the Bravais lattice onto E-^ along E gives rise to a dense subgroup T of rank 
iV in M" = E-^ , and that the set of points dW + T coincides with the set of points 
Uie/ + r, where the Ai are the affine hyperspaces of containing the faces of W. 
When splitting F = © Z*^ such that the first summand is co-compact in we 
obtain by moding it out a n-torus, together with dense set of points (Uje/ ^i + r)/Z" 
at which we will cut the torus open to totally disconnect it. This is the cut up torus 
of our dynamical system. The remaining summand Z'^ acts on it by rotation. 

We point out a strong link between our analysis and the work of Pikula [8j on the 
Ellis semigroup of Sturmian-like systems. Here we obtain these results as examples 
of minimal rotations on cut up circles. The most simple case of the coding of an 
irrationnal rotation on the cirle was already given by Glasner and Megrelishvili in 
the last section of [6]. We discuss these at the end of section 4.4. 
After having completed this work we became aware of the recent preprint by Pikula 
[S], in which he considers the enveloping semigroup of almost 1-to-l extensions of 
certain minimal group rotations. In the case where the acting group is Z the two 
works can be compared. Our results are much more concrete, whereas he considers 
a more general situation. 

1. Overview on the results 

The dynamical system. We consider the data (M",r, {Ai}-^j) to be an Euclidean 
space of dimension n together with a dense subgroup T and a finite family of affine 
hyperspaces {Ai}^^j. For each i € / there are G and a codimension 1 linear 
subspace Hf with Ai = Hf + ai. We require Hie/ = {0}- We choose a normal for 
each Hf and define , H~ to be the open half spaces in the direction of the normal 
or against it, respectively. We also set H°° = A°° = M". We consider the group F 
to be finitely generated, that is, F = Z" © Z*^ with the Z" summand a co-compact 
subgroup of M", and keep this decomposition fixed throughout. 
We consider the countable family of all hyperspaces obtained as the translation of 
some Ai by some n € F. The cut type of a point z G M" is the (possibly empty) 
subset of indices 

h := {i e I \ z e Ai + T} 

According to its cut type, each z € R" admits a finite collection of hyperspaces 
passing through it. The complementary set of these hyperspaces is a disjoint union 
of convex open sets, which are affine cones pointed at z. Each cone is determined 
according to its orientation with respect to the cuts along z. Hence we define a 
point type to be a map p : / — > { — ,+,00} such that the associated open cone 

Cp := Hie/ ^i^^'^ is non-empty. It follows that each affine cone corresponds to at 
least a point type, and once the domain of a point type p, defined to be dom(p) := 
{i € I \ p{i) 7^ 00}, is considered, an affine cone pointed at z can be written as Cp + z 
for a unique point type p with domain dom(p) = J^. We denote the finite collection 
of point types by By construction Iz+n = h for each n G F, so the cut type is 
also defined for the points of the torus = M"/Z". 

The dynamical system, which we call rotation on a cut up torus, can now be described 
as (T^,Z'^) with 

T^ = {(z,p) GT" x^PI dom(p) = /,} 
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and Z'^-action given by {z,p).n = {z.n,p). The map 

forgetting the point type of any element is an onto continuous Z'^-equivariant map. 
We may describe the topology of TJ? as follows. Let 

iV5 = {z G T" I I, = 0} 

This is a dense set of T*^. We identify it with the subset of T" of points {z, oo) (oo 
being the constant point type equal to oo). This latter set is precisely the set of points 
where ttj is one-to-one. The topology of T" can now be described by saying that 
NS is dense in T", and a sequence {zn)n£N C NS converges to a point {z,p) £ T" 
if and only if Zn — > z in the Euclidean topology and eventually z„ — z € Cp. The 
latter statement should be understood in the following way: if Zn — > z then we can 
eventually lift Zn — z into a sequence converging to in R" , the space which contains 
the cone Cp. 

The Ellis semigroup. To any compact space with group action by homeomor- 
phisms is associated its Ellis semigroup, consisting of tranformations of the space, 
obtained as pointwise limits of homeomorphisms given by the group action. 
In order to describe the Ellis semigroup of (T", Z'^), we define a transformation type 
to be a map t : I — > {—,+,0} such that its associated cone Ct := Cli^j H^^^^ is 
non-empty. We denote the set of transformation types by T. The cones of the trans- 
formation types are the constituents of a stratification of M" by cones of dimension 
between and n. 

Any cone Ct associated with a transformation type t generates a subspace < Ct >, 
which possesses a unique maximal summand Wi, with the property that Wi n F is 
dense in Wi. We then say that a transformation type is non-trivial if the intersection 
C( := Ct n Wi is non-empty, and denote by To the collection of non-trivial transfor- 
mation types. 

The Ellis semigroup is isomorphic to the disjoint union of groups 

EiJ^X)^ U [^t + r]/^„ x{t} 

teXo 

with semigroup stucture given by {z, i).{z' = {z-\-z' ,t.i'), where the semigroup 
law on To writes: 

_/t'(i)ift'«/0 
^ ' •" \t(i) ift'(i) = 

We may describe the topology of ii^(T",Z'^) as follows. The inclusion of Z*^ as a 
dense subset of -E(T", Z"^) is given by n i— t- (n, o) (o being the constant transformation 
type equals to 0). A sequence(n;j)fcgN C Z*^ converges to a transformation {z,i) G 
Z'^) if and only if — z € T" lifts into a sequence of M" converging to and 
eventually lying into Ct. A general sequence (2:^,!^) converges to a transformation 
(z,t) G E{T'^,Z'^) if and only if Ve > 0,35„ > such that C[^{zk,6k) C C((z,e)for 
large enough k. The Ellis semigroup for the system (T",Z'^) has a first countable 
topology, and is consequently tame in the sense of [5] (see theorem 6.3 there). 
The previous algebraic description shows in particular that: 



Each [Wi + r] , X {t} is a subgroup of EiT'^^Z'^) with identity (0,t). 
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- the semigroup To is isomorphic to the collection of idempotent transformations in 
£^(TJ?,Z'^), where each t E To corresponds to (0,t). 

- The general theory of Ellis semigroups endows the collection of idempotent trans- 
formations with an pre-order. It is here an order, given on To by t ^ t' if and only 
the cone Cf is equal or a lower dimensional facet of the cone Ct. 

- ^(T;?,Z°') has a unique minimal ideal, given by T*^ x Tmm where Tmm denotes the 
subsemigroup of minimal idempotents. 

We may write the Elhs action T^? x E{T^,Z'^) — > T;? as 



(z,p).(z',t) = {z + z',p') 

where 

p.t(i) ifie W ftW iftW 

ooelse ^ ' |p(i) if t(i) = 

The richness of the Ellis semigroup is related to the dimension of the set of points 
of M" which can be approximated by elements of T inside an intersection rijg/'-ffi, 
/' C /. Generically, the orientation of the hyperplanes Hi is such that any hyperplane 
contains only one point of F, and so we are in the extreme case where To = TmmU{o}, 
that is, the Ellis semigroup consists only of the original group F together with its 
minimal ideal. In this case the constituents of the Ellis semigroup depends on the 
hyperplanes Hi, but not on the position of these hyperplanes with respect to F. 
When dealing with point patterns this generic case corresponds to the case of largest 
complexity function (see [7j for definition and results). 

At the opposite end, in the case where the group F has dense intersection with any 
finite intersection of hyperplans, then the Ellis semigroup is the biggest in the sense 
that T = To (that is, there is no non-trivial transformation type). This latter case 
has been proven to be equivalent with the condition of minimal complexity for the 
cut & project pattern (see f7]). Hence smaller complexity seems to make the Ellis 
semigroup richer. 




2. Cut up torus 
2.1. Cut up Euclidean spaces. 

We explain in details the construction of the dynamical system defined by the data 
(M", F, {ylj} ■gj'). We wish to illustrate how we procceed, by considering the following 
example: 



Example 2.1. (Octagonal tiling case) Consider the example of the cut up data on 
given, in an orthonormal basis (61,62), by: 





= Hi 


:=< vi > 


A2 


= H2 


■■ = < V2 > 


A3 


= ^3 


■■ = < V3 > 


A4 


= i?4 


:=< V4 > 



--< V2 — V4 > 
--< V1+V3 > 
--< V2 + V4> 
-< Vi — V3 > 



with 



Vi 
V2 



ei 

61+62 

62 

62 — 61 

V2 
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These four vectors are rationally independent so the sum Yli=i ^-^ free Abelian 
group Z^. We write Z"^^ := Zvi + Zf3 and Z*^^^ := Zv2 + IjVi. 

As we can see by comparing the following construction with the cut and project 
scheme given in section 3.1 of [7], this corresponds to the octagonal tiling case. 
The subgroup F = Z"^'^ of has its elements usually denoted by n, and acts on 
M" by addition: v.n := v + n. We fix an algebraic basis {ej} of Z""'''^ with n + d 
elements: this defines a norm on the group by | Yl'i=i '■— "^fl2;i<jj<j„_|_(i[nj[. 

The cut up space is constructed as follows: 

For a non-negative integer k, write U|ra|<fc Uie7(^« +2l) = disjoint 

union of its finite collection of connected components Dj^, and define the k^^ partial 
cut up space to be the finite disjoint union 

j 

Every such Dj, forms then a clopen connected component of M^. This definition 
also holds for k = —1, and in this case M"^ is the full Euclidian space M". 
From now on the notation stands for a generic open connected component in- 
volved in the construction of M^. 
There is a tower of such partial cut up spaces: 

by letting the number of cuts increase we reduce the size of each open component, 
so for for I > k ^ —1 each Di lies in some unique 1?^, giving by completion a natural 
continuous and surjective map Tr^^^ : — » M^. 

Of special interest are the mappings T^-i^k- These send the partial cut up spaces 
onto M", and the number of points in a fiber above a point x in is the number of 
connected components forming and having x in their Euclidean closure. 




■""-1,0 



Figure 1. The map tt^i^ : Mq collapses the components along the cuts. The 

number of points in a fiber above z depends on the cuts through z: here above z\, zi 
and Z3 we have respectively 4, -2 and 1 point. 

One can check the composition property VTm,/ ° '^i,k = '^m,k holding for any k > 
I > m ^ —1. Then: 

Definition 2.2. The cut up Euclidian space M" is the inverse limit of the tower of 
maps {ni^k ■ ^k ~^ ^?}k>i;»-i, that is the subspace {{xk)k^-i \ xi = -ni^kixk)] of the 
product space Hfe^-i^fc: equiped with product topology. 
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Each is then the quotient of M" through a map vr^ oo defined by xi = Tri^oo{{xk)k)i 
and these maps satisfies the equahties tt^,/ o tt; po = '^m,cx) for ah / > m ^ — 1. Of 
particular importance is the factor map 

TT := 7r_i,oo : ^ M'^ 

As a consequence of the very construction of M" we have: 

Proposition 2.3. The space is locally compact, a-compact and has a countable 
basis for its topology. The map tt : M" — > M" is continuous, onto, and is a proper 
map, that is the pre-image of any compact set is compact. 

2.2. The topology of M". The Euchdean topology is generated by convex sets 
obtained by intersecting a finite family of half spaces. This paragraph shows an 
analog for the topology of the cut up space, expressing the topology of M" through 
a family of (cut up) half spaces. 

Denote by D for the collection of all the generic open connected components D^, 
with k running in { — 1,0, 1,2...}. Relatively compact elements of !l) are sometimes 
called C-topes (see [3]). 

Definition 2.4. We call the set 

NS := M"\ IJ \J{Ai + n)= M"\ [J dD 

the set of non-singular points in M". 

By the cut up construction the set of points z € M" above which the fiber in M" 
for the map vr consists of a unique point is precisely the set of non-singular points. 
From its very definition, NS is a dense residual subset of M". From now on we 
identifie the embeddings of NS both in and in M", the map vr sending the first 
onto the latter. 

Lemma 2.5. The set NS is a dense subset o/M". 

Proof. Let 7r^;^(C/) be an open set of M", with U an open set of a clopen set D^. 
Then U H is a non-void open set so meets NS in at least one point by density, 
and this point lies then in ■7r^^(^^)- Such open sets form a basis for the topology of 
M", giving the density. 

□ 

Define the family of admissible half spaces, as 

21 := I + n I i G /, n G Z^+'^j 

Definition 2.6. Let P be a subset o/M". The cut up set Pc (or [P]c) is the closure 
ofPnNS in W^. 

Of course Pc may be empty even if P does not. We are particularly interested in 
the cut up half space the closure of ^ H NS in M", for each A € 21. Clearly we 
have Tr{Ac) = A, the Euclidean closure of A. This new class of sets is made of clopen 
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sets of M" as we will see. For now we state a general tool, ensuring us to describe 
clopen sets of M" uniquely through the non-singular points they contain: 

Lemma 2.7. Let X he topological space, and Y a dense subset. For any clopen set 

V of X one has V = V f}Y . If two clopen sets coincide on Y , then they are equal. 

Proof. Let V be clopen in X. We have the inclusion V r\Y since V is closed. If 
X lies in V ^ Y being dense one can find a net of points in Y converging to x. Since 

V contains x and is open, the net eventually lies in V , showing that x G F H y. 

If V and W are two clopen sets with Vr\Y = Wr\Y, then V = V r\Y = WTTY = W. 

□ 

Proposition 2.8. The cut up space M" is totally disconnected. The family 

2lc := {A,\A(^ 21} 

of cut up half spaces is a pre-basis of clopen sets. 

For any pair A, A' in 21 the following Boolean rules are true: 

[A U A% = A,U A'^ {A.Y = [A% [A n A% = A,n A'^ 

Proof. The space M" has its topology formed by pre-images of open sets of the par- 
tial cut up spaces. Let be a clopen part of W^. Then we have [Dk]c = L(-^fc)- 

Indeed 7r^^(-Dfc) is clopen so by lemma \27l\ rewrites as 7r^^(^fe) H NS, with closure 
in W^. The set 7r^^^(I^) n NS is equal toU^nNS in (in fact under bijective 
correspondence through ■Kk,oo)-, in turns equal to Dk H NS as subset of since the 
boundary dDk do not cross the set NS. The latter is equal to H NS as a subset 
of M"", leading by taking the closure in M" to the desired equality. 
In particular we have shown the equality [D]c H NS = D D NS holding for any ele- 
ment D of the family Ti. Then any pair D and D' of such components satisfies the 
Boolean rules of the statement: 

For, firs t observe t hat [D U D% = {D U D') n NS = {D n NS) U {D' n NS) = 
D n NS U D' n NS = DcU D'^, where all closures are with respect to the topol- 
ogy of M". Then having the equality Dc O NS = D f] NS holding, we have 
(Dc)' n NS = D"" n NS which implies (Dc)' = (Dc)^ n NS = D'^ONS = [D%. 
The third equality follows from the two others. 
It is easy to prove the equality 

[A^+n]c= U [Din\]c 

-D|„|C [A±+n] 

holding for any affine space A and element n € Z""*"*^, with disjoint and finite union. 
This shows that any of the sets given in the statement is clopen, and any two of 
them satisfies the Boolean rules. 

It remains to show that it constitutes a pre-basis for the cut up topology (so far 
we made use of neither the density of Z"'"'"'^ nor the requirement nj=i — {0}- 
their role is for this step). First we can recover the clopen components through the 
equality 

[Dk]c= n [^^+^]c 

DfeC[A±+ri],|n|^A: 
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Choose an open set in some M^: it is the finite disjoint union of open sets, each 
entirely contained in some clopen component -D^, so without loss of generality we 
can choose such open set as the intersection of D/^ with some open Euclidian set 
U. Pick a point x inside T^^l^iDk n [/), so that v := ^ik.ooix) lies in D^. n U. Due 

to the requirement 0^=1 — {0}; if denote Vi to be a normal to each , 
the linear forms < .,Vi > with kernel linearly generates the dual space M"*, so 
the open polytopes with boudary faces parallel to H^, hence parallel to the affine 
spaces Ai, generates the Euclidean topology. Thus we may choose such an open 
polytopal neighbourhood of v lying into U. Because Z"^'^ is dense in M", this choice 
can be done such that any of the hyperplans determining the faces are of the form 
Ai + n for some n S Z""'"'^. Hence the polytopal neighbourhood is given by the finite 
intersection of open half spaces of the form Af + n containing it. Taking the finite 
intersection of the clopens [Af + n\c and again intersecting with [Dfc]c leads to a 
clopen neibourhood of x in M", which is the finite intersection of sets in 2lc, and 
itself contained into '^^i}^-^{Dk H U). This ensure the pre-basis property. □ 

2.3. Neighborhood basis. We derive here from the previous paragraph a de- 
scription of M" by means of well chosen neighbourhoods for each point. 

Proposition 2.9. Let vr : X — > Y be a continuous proper map between locally 
compact spaces. Given a point x X , denote by Fx the fiber with respect to it 
containing x. Then ifVx is a clopen neighborhood of x satisfying VxDFx = {x}, the 
family 

{Vx rnr~^{U) I U neighborhood of Tr{x)} 
is a neighborhood basis for x. 

Proof. Supose for a contradiction that the stated family is not a neighborhood basis 
for X. Then there exists an open neighbourhood V of x such that Vx H ■k~^{U) 
intersect for any neighborhood U of tt{x). Let A be the directed set of open 
neighborhoods of 7r(x). We can select a net {xu}u£A in the closed set with 
xu & Vx '^~^{U) for all U. Hence by choosing Uq to be a compact neighbourhood 
of tt{x) we have a subnet {xu}uoDUeA in the compact neighbourhood Vx fl 7r~^(C/o) 
of X. This subnet accumulate to at least one point x' in V^, with x' € Fx. Since the 
subnet also sits in Vx and this later is closed, we get x' E Vx Ci Fx, giving x = x' , a 
contradiction to the fact that x is in 1/ and x' does not. □ 

It remains to find such a V^. To that end the key result is proposition \2.1'2\ 
which may be figured out as follows: each point of R" above a fixed z E M" can 
be approximated by non-singular points, that is, elements in R", so the difference 
between two points lies into the way each is approximated. So it is necessary to, 
roughly speaking, find the direction in R" which lead to a given point x in R" above 
z. This direction will be a cone Cx pointed at 0, and the path of convergence to x 
will be given by Cx + z. Any two different cones will lead to two differents points 
above z. Finally, the objects separating any two cones will simply be an affine cut 
passing through z. 

Now, define for any z G R" the cut type of z to be the set of indices 
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Observe that a position z € M" is non-singular precisely when 1^ = 0. 

Definition 2.10. A 'point type is a map p : I — > {—, +, oo} such that the associated 

open cone Cp := nie/ ^i^'^^ is non-empty. Its domain is dom{p) := {i € / | p{i) ^ oo}. 
We denote the finite collection of point types by 

Observe that to obtain the cone associated to a point type p, only the indices in 
the domain of p counts, as Hf^ is nothing but M". Also, different point types may 
corresponds to a common cone, unless we put some conditions on the domain. 

Definition 2.11. The position of x (z M" is the image point 'ir{x) € M". 
The point type px of x ^ is the element of *P uniquely defined through: 

dom{Px) = X e [i?^^'^ + tt{x)]c Vi G 

We simply write Cx for the cone Cp^ previously defined. 

At this point it is unclear that p^,. is a point type, that is, according to definition 
I2.10l p^ possess a non-empty associated cone. This fact is checked it the first part of 
the proof of proposition 12. 12[ 

Observe that for any non-singular point x E NS CM.^, as the cut type I-^i^x) is empty, 
we have p^^ = oo on / and Cx = M". This means that a non-singular point is well 
approximated without regards on the direction we follow. 

Proposition 2.12. Any point x € M" has an open neighbourhood basis of the form 
{U{x,e) := [Cx + 7r{x)ln7r~\B{7r{x),e))}^^^ 

Proof. Fix X E M". By construction of pa; we have x E [H'^'^^^^ + tt{x)]c for all i £ I. 
Moreover [ijf"^'^ + 7r(x)]c is a clopen set of the family 2tc: for, if i ^ Itt{x) then 
px{i) = oo so it is nothing but M", and in case i E lTr{x)j therefore tt{x) £ Ai + n^ 

for some E it writes as [yl^''^*-' + nj]c E 2lc. 

It follows that the Boolean rules of proposition 12.81 applies to [ff]'""^*^ -|- tt{x)]c, i G I, 

giving X E nie/[^f^'^ +^(^)]- = [fl.e/ ^^^'^ + vr(x)]e = [Cx+7:{x)l. This ensure 
in particular that Cx is non-empty, as (Ca;-|-7r(x)) n NS = [Cx+tt{x)]c H NS is non- 
empty. 

Prom proposition 12.81 if y is another point there exists an index i and n with (up to 
a switch of -|- and - signs) x E [Af -\-n\c and y E [A~ +n]c. If moreover 7t{x) = iT{y), 
it is then easy to check that we must have tt(x) = TT{y) E Ai + n. In this latter case it 
is direct, using Af ±H'^ = Af, to show the equality [Af + n\c = [Hf -|-7r(x)]c. Thus 
for any given y with 7r(y) = tt{x) there is an index zq with x E [H^g + '^{x)]c and 
y E [H^^ -|-7r(x)]c (up to a swich of signs). Consequently the hyperplan separates 
Cx and Cy, so these cones are disjoints in R". Now [Cx+Tr{x)]c and [Cy+7r{x)]c 
are also disjoints, which in turns implies that x is the only point among its fiber 
contained into the clopen set [Cx+tt{x)]c. By proposition 12.91 we deduce that the 
stated family is a neighbourhood basis for x in M". □ 
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Introduce here the fohowing notation: for a position z € M" and a cone C associ- 
ated to a point type in denote by C{z^e) the set z + (C n i?(0,e)). This is the 
head of the cone C of length e pointed at position z, and is always an open part of 
the Euclidean ball B{z,e). Observe that z ^ C{z,e) unless the cone C is all (in 
which case we have C{z,e) equals to B{z,e)), although we always have z G C{z,e) 
in R". 

Proposition 12. 12l enable us to present the cut up space in a more elegant way, as 

it is done in the following theorem 12. 141 as well as its topology since we will describe 
converging sequences only by means of Euclidean sets. 

Lemma 2.13. For any x G M" and < ei < e2 we have 

U{x,ei) C [Ca:{7r{x),ei)]c CU{x,e2) 

Proof. Let y ^U{x,ei) = [Cx+'n'{x)]cr\7r~^{B{-iT{x),ei)). Since y € [C^+7r(2;)]c there 
is a sequence in NSr\{Cx+'n'{x)) converging to y. Since y G 7r~^(i?(7r(x), ei)) we also 
have 7r{y) G B{Tr{x),Si), so the sequence lies into NS PI {Cx + 7r(x)) n i?(7r(x),ei) = 
NS nCx{'n'{x),ei) eventually. It follows that y G [Cx{Tr{x),ei)]c- 
Now if y G [Cx{TT{x),ei)]c, by definition there is a sequence in NS n Cx{7r{x),£i) 
converging to y in M". Hence this sequence lies into both NS n {Cx + 7r(x)) = NS fl 
[Cx + n{x)]c and into B{Tr{x),ei) C B{-ir{x),£i) C B{7r{x),e2), where B{7r{x),ei) 
is the closed Euclidean ball. It follows by taking limit that y G [Cx + 7r(x)]c H 
7r^^(i?(7r(x), £2)) = £2), as desired. □ 

Theorem 2.14. The map 

9 X I — y (7r(x),p^) G {(z,p) G x | dom(p) = /J 

associating to each point its position and point type is a homeomorphism, with right 
term equiped with the following topology of convergences (-^mPn) — ^ ("^'P) ^'^d 
only if 

Ve > 0, 35„ > such that Cp^{zn-,5n) C Cp{z,e) for large enough n 

Proof. The fact that dom{)i>x) = In(x) holds for any point x comes from the very 
construction of px, so the stated map is well-defined. 

From proposition 12.121 each point x G M" is the unique limit point of the filterbase 
{[Cx+'^{x)]c(^'7r~^ {B {7r{x) , , with Cx = Cp^. Since this filterbase only depends 

upon the pair (7r(x),pa;), the stated map is 1-to-l. The map is also onto: to each 
pair (z,p) we shall consider the family {[Cp + z]c fl 7r~^{B{z,e))}£yo. It will form 
a filterbase in provided none of these sets is empty. This follows from the fact 
that for each e > we have NS n [Cp + z]c n 7r~^{B{z,e)) = NS D Cp{z,e), which 
is non-empty since Cp{z,e) is open and NS is dense. Let eo > be chosen, for 
any e < eo we have [Cp + z]c n 'K^^{B{z,e)) C 7r~^{B{z,eo)), this latter set being 
compact since B{z, Eq) is compact and vr is proper. This means that for great enough 
e the filterbase is contained into a fixed compact set of R". It then possess an 
accumulation point x, which has to satisfies 7r(x) = z and C^ = Cp. The fact that 
Cx = Cp ensure that px and p coincide on /^(a;) = Iz- But by assumption we also have 
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dom{p) = Iz = I-n{x) = dom{px), so in fact pa; = p on /. Hence {z,p) = (71(2;), p^.), 
and the map is onto. 

We next show that convergence of sequences in is given by the criteria of the 
statement. Let then x„ (z„,p„) and x -f-?- {z,p). By proposition 12.121 — > x if 
and only if 

Ve, Xn € U{x,e) for large enough n 

or equivalently, 

Ve, 3 5„ > with U{xn,Sn) C U{x,e) for large enough n 
Now using lemma [2. 131 we can easily show that it is equivalent to 
(1) Ve, 3 (5„ > with [Cp^{zn,5n)]c C [Cp(z,e)]c for large enough n 

It is in turn equivalent to the criteria of the statement. For, if ([T|) holds then by 

applying TT we get Cp^{zn-,5n) C Cp{z,e). Since the open sets Cp„(z„, 5^) andCp(^;,e) 
are regular (meaning that they both are the interior of their closure), we obtain the 
criteria holding. Conversely if the criteria of the statement holds then intersecting 
with NS and taking closure in M" ensure that ([1]) holds. 

□ 

Note that through this picture of the cut up space, NS corresponds to the set 
{(2,00) I Iz = 0}- Moreover, a sequence (zj^,p^) will converges to a non-singular 
point {z,oo) if and only if, as Coo{z,e) is the Euclidean ball B{z,e), Zn converges 
to z in M". At the opposite end, a non-singular sequence (z„,oo) will converges to 
{z, p) if and only if z„ converges to z in R" and Zn — z lies into Cp for great enough 
n. 



2.4. Dynamics and the cut up torus. Here we deal with dynamical features: 
as the next proposition states, the translation action of Z"^'^ on R" has an extension 
to an action by homeomorphisms on R". In fact, so far we could have worked with 
any countable dense subgroup of R" instead of Z""'"'^. 

Proposition 2.15. There is a unique 17^'^'^ -action on R" hy homeomorphisms such 
that TT becomes equivariant. This action satisfies for each A € 21 

Af.n = [A^ + n]c 

Proof. Restrict the Z""'"'^- action of R" on the set NS: this can be done by the 
very construction of the non-singular points. Choosing a n G Z""*"*^, it defines a 
bijection of NS. For any integer k, it extends to a surjective and continuous map 
T^ : Rfc_|_|„| R^: on the Euclidian closure of any connected component this map 
is well defined and uniformly continuous. Taking inverse limit over k one obtains a 
continuous map T— . Then this map coincides with regular translation by n on NS, 
so we get the equivariance rule tt{T—{x)) = tt{x) + n for any x G R". To see that it is 
an action, observe that T- is the identity map and that T— o T— and T-~^— coincide 
on NS, so are equal everywhere. 

Finally, since NS is stable under this action the sets T—{A^) and [A^ +n\c coincide 
on NS, so are equal by lemma 12.71 Unicity of this action is clear from the density 
of NS. □ 
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From now on we write x.n for a translated image T—{x). 
Thanks to this action, we can define a cut up version of the n-dimensionnal torus 
together with an action as: 



Definition 2.16. The cut up n-torus T" is the quotient M"/Z", a space on which 
acts by hom^eomorphisms. Identifying with the n-torus T"', there is an 

induced continuous, onto and l/-equivariant map 



TTT 



We call the image point Tiji^x) the position of x G T". 



We denote by pz" 



T" the quotient map. For any point x G M" and any 



element n G Z"''"'', from the previous proposition we derive the equality of point 

types pa,-.„ = \>x- Thus wc can without misunderstanding associate a point type pj 
and a cone Cx for any a; G T", to be the ones associated to any lift of x in M". 



Theorem 2.17. The space is a Cantor space, endowed with a minimal 1/^ -action. 
The diagramm of continuous, onto and equivariant maps 



TT 



Tc — -T" 

is commutative, with vertical arrows being covering maps. Moreover, ttt is one-to- 
one exactly on NS/IT" . 
The map 

T2 3x^ {Mx),Px) G {{z,p) G T" X <p I dom{p) = I,} 

associating to each point its position and point type is a homeomorphism, with topol- 
ogy on the right term determined by the convergence rule: {zn,pn) — ^ i^^P) if and 
only if there are lifts and z in of Zn and z such that 

Ve > 0, 36n > such that Cp„(z„, 5n) C Cp{z, e) eventually on n 



It is the dynamical system (T^, Z*^) we are interrested in, but it is more conveniant 
to work on M", as we can deal with geometrical objects like cut up half spaces and 
cones. For that reason, most of the remaining work will be focused on (M",Z"+''). 
Nicely, we will recover all the results for (T",Z'^) by simply moding out Z" in an 
appropriate way. 



3. The Ellis semigroup 

The enveloping semigroup of a compact dynamical system has been introduced 
by Robert Ellis as a way to study actions of a group T on a compact space X from 
an algebraic point of view. Here a compact dynamical system, or flow, stands for 
a compact (Hausdorff) space X together with an action of a group T by homeo- 
morphisms. The simplest example of such a system is a Kronecker flow, that is a 
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compact group G together with a subgroup T acting by right-translation. In this 
case the group T forms an equicontinuous family of homeomorphisms on G, and in 
this situation we call the system (G,T) an equicontinuous flow. It turns out that 
among the class of compact minimal flows with T being Abelian, the kronecker flows 
are exactly the equicontinuous ones ([IJ p. 53, thm 6), and in this case G is Abelian. 
A general result relates general flows with Kronecker flows: 

Theorem 3.1. Let (X,T) be a flow. There exist a closed T -invariant equivalence 
relation on X, such that the quotient space X^q := XX^^^ with T-action is an 
equicontinuous flow, which is maximal in the sense that any equicontinuous factor 
of {X, T) factors through X^q . 

In case {X,T) is minimal and T is Abelian, {Xeq,T) is an Abelian Kronecker flow. 
The flow (XgqjT) is called the maximal equicontinuous factor of {X,T). 

Definition 3.2. A flow {X,T) is an almost automorphic system if the factor map 
TT : X ^ Xeq posscss tt onc-point fiber. 

In case the flow is also metric minimal, one may equivalently require that the set 
of one-point fibers forms a dense residual subset of X (see [llj). from now on denoted 
by NS. In the case of a minimal rotation by Z'^ on a cut up torus T", it can easily 

be checked that the maximal equicontinuous factor is the torus T", with factor map 
TTj. As TTj is 1-to-l on a non-empty set by theorem 12. 17[ the flow (T",Z'^) is almost 
automorphic. 

Equicontinuity properties of a group action can be rephrazed in terms of the Ellis 

enveloping semigroup of a flow. Denote by X^ the space of maps from X into 
itself with pointwise convergence topology, or equivalently the product space Yl^ 
endowed with the (compact Hausdorff) product topology. It naturally contains the 
group of homeomorphisms of X coming from the T-action, and carries a semigroup 
law given by composition of maps. 

Definition 3.3. Let {X,T) be a flow. Denote byT the group of maps in X^ induced 
by the T-action. The associated Ellis semigroup E{X,T) is the closure ofT in X^ . 

E{X, T) is then a set of transformations on X, and we write x.g for the evaluation 
of the map g aX a. point x. It is always a compact right-topological semigroup, that 
is, if {hx}\ is a net converging to h, then the net {g.hx}x converges to g.h for any 
g, where g.h stands for the composition which at each point x reads {x.g).h. 
The Ellis semigroup construction is functorial (covariant) in the sense that any onto 

continuous T-equivariant map t: : X gives rise to an onto continuous semigroup 
morphism vr* : E{X,T) — » E{Y,T), satisfying TT(x.g) = tt{x).tt* (g) for any x E X 
and any transformation g G E(X, T). 

The philosophy about Ellis semigroup is that the algebraic and topological properties 
of the Ellis semigroup of a flow are correlated with the nature of the dynamical 
system. A standard result in this direction is the following: 

Theorem 3.4. For a flow {X,T), the following assertions are equivalents (see [1], 
theorem 3 p. 52)): 

(1) the flow [X, T) is equicontinuous. 
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(2) The Ellis semigroup E{X,T) is a compact group, acting by homeomorphisms on 
X. 

In addition, if {X,T) is minimal with T Ahelian, this is also equivalent to (see [1], 
p.55): 

(3) E{X,T) has left- continuous product. 

(4) E{X, T) is Ahelian. 

(5) E{X,T) is made of continuous transformations. 

From the previous theorem we see that in the non-equicontinuous case the Elhs 
semigroup is quite difficult to understand and to handle, since none of the criteria of 
theorem 13.41 are satisfied. However, there exists a property on the transformations 
of E{X, T) one might expect to have. A transformation is Baire class 1 if it is the 
pointwise limit of a sequence (by contrast to a net) of continuous transformations. 

Definition 3.5. (see [5], A metric flow (X,T) is tame if every element of 
E{X, T) is a Baire class 1 transformation. 

In this later case any transformation of E{X, T) is measurable, but still two dis- 
tinct transformations can be equal almost everywhere. Observe that if the semigroup 
E{X,T) is first countable, that is, admits at any point a countable local neighbour- 
hood basis, then the underlying system is tame. 

Theorem 13. II is related to the spectral analysis of (X, T). Suppose here that {X, T) is 
a metric flow with T Abelian, and is endowed with a T-invariant probability measure 
There is a natural unitary representation of T on the Hilbert space L?'{X, fj,). De- 
note by T the Pontryagin dual of T. For a character uj (z T, let Hu be the subspace 
of L^-functions satisfying the equality Ut{f) = oj{t)f for all t G T. Generically the 
space Tiijj is trivial, and a character co is said to be an eigenvalue for {X, T, /i) if the 
subspace Huj is non-trivial. Hu is then called the eigenspace for cj, and any non zero 
L^-function in T-Luj an eigenf unction for uj. Moreover an eigenvalue u is said to be a 
topological eigenvalue for {X, T, /i) if the subspace "H^j is non-trivial and consist of 
(L^-classes of) continuous functions. The collection Ev{X,T, n) of all eigenvalues 
of (X, T, fi) is always a (possibly empty) countable subgroup of T, and contains the 
collection Ev^'^{X,T, n) of topological eigenvalues as a subgroup. 

Definition 3.6. A metric flow with invariant measure (X, T, fi) is said to have pure 
point dynamical spectrum if L^{X,fi) = ®^^ev{X T ^i) holds, and is said to have 
topological pure point dynamical spectrum if L'^{X,fi) = ®i^^ev':°p{x T fi)'^^ holds. 

It is well known that Abelian Kronecker flows with Haar measure have topological 
pure point dynamical spectrum. The following theorem enlarges the class of systems 
where the same conclusion occurs, using the notions of definitions 13.21 13.51 and 13.61 

Theorem 3.7. [1]. Let {X,T) be a metric minimal flow with T Abelian. Then 
(1)^(2)^(3): 

(1) (X, r) is a tame system. 

(2) (X, T) is an almost automorphic system, with unique ergodic probability measure 
H satisfying n{NS) = 1. 

(3) {X,T,fi) has topological pure point dynamical spectrum. 



ENVELOPING SEMI-GROUP FOR MINIMAL ROTATIONS ON CUT UP TORI 15 

3.1. Ellis semigroup for locally compact flows. Let X be a locally compact 
space together with an action of a group T by homeomorphisms. The one-point 
compactification X of X is a compact space, endowed with a T-action by home- 
omorphism so that the infinite point remains fixed through any homeomorphism 
t G T. Denote by J-x the set of maps in X-^ which send X into itself and keep the 
point at infinity fixed. Then: 

Definition 3.8. The Ellis semigroup of {X,T) is defined to be 

E{X,T) ■.= EiX,T)nTx 

with topology induced from X^ . 

Recall that the topology of X^ is generated by sets as follows: For x ^ X,U <Z X 
let V{x, U) (or sometimes Vx{x, U) when we want the space X to be specified) be 
the subset 

V{x,U) := {g e X"" \ g{x) e U} 

It is open if U is open, closed if U is, and with x among X and U among any pre-basis 
for the topology of X, it forms a pre-basis for the topology. 

Observe that E{X, T) is, as in the compact flow case, a right-topological semigroup 
containing T as a dense subgroup (it rather contains the group of transformations 
T, but keeping this in mind we make in the sequel an abuse of notation and identify 
T with T)). Although transformations of E{X,T) are defined on X, they all fix the 
point at infinity and so may be seen as transformations in X'^ (it is quite direct to 
show that on E{X,T) the topologies coming from X-^ and X^ coincide). Although 
the Ellis semigroup is rich in the compact case it is far from clear how big it is 
in the non-compact case: it might well only consist of T itself, since we assume 
the transformations to send each point of X anywhere but at the point at infinity. 
Thus we cannot pretend that this is the optimal way to define an Ellis enveloping 
semigroup for locally compact flows. However, in our context this construction will 
be of great use in the description of £'(T", Z'^). The following is a general fact, whose 
proof in the context of compact flows case can be found in [T]: 

Proposition 3.9. Let tt : X ^ Y be a continuous, proper, onto, and T-equivariant 
map between locally compact spaces. Then there exist a continuous, proper, and onto 
morphism tt* : E{X,T) E{Y,T) satisfying the equivariance condition: Tr{x.g) = 
7r(x).7r* (g) for any x G X and g G E{X, T). 

Proof Denote by -kx and *y the respective points at infinity in the compactified 
spaces. Since tt is continuous and proper, it extends to a continuous and onto 
map fr : X ^ Y, such that vr~^(*y) = {*x}- Obviously vr is T-equivariant with 
respect to the extended T- actions. There exist then a continuous and onto morphism 
TT* : E{X,T) E(Y,T), satisfying the equivariance equality for any x G X and 
g G E{X,T): Tf{x.g) = Tr{x).7r* (g). The later equivariance condition implies that a 
transformation g of E{X,T) lies into Tx if and only if TT*{g) lies in J^y- it follows 
that E{X,T) = {fr*)-^{E{Y,T)). Restricting the morphism on E{X,T) gives the 
map, together with the onto property. Finally a compact set of E{Y, T) has to be 
compact in E(Y,T) as it is easy to check, so have a compact pre-image in E{X,T) 
under vr*. This latter is entirely included in E{X,T), so is compact for the relative 
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topology on E{X,T). This gives the properness. 

□ 

Observe that vr*(t) = t holds for any t ^T. If the group T is Abelian, then any 
element of T commutes with any element of the enveloping semigroup E{X,T), for 
any locally compact space X (for X compact see fT], the locally compact case being 
a direct consequence). 

Proposition 3.10. If T is a dense subgroup of a locally compact Abelian group G, 
T acting by translation, then E(G, T) is a topological group topologicaly isomorphic 
with G, and through this identification E{G, T) acts by translation. 

Proof. First observe that the Ellis semigroup E{G, G) is well defined, and by con- 
struction contains G and T). It is easy to see that on G, the group topology and 
the pointwise convergence topology inherited from E{G, G) coincides, since an open 
set V{x.,U) in G rewrites as x~^.U. Now T being dense in G, we get G C E{G,T) 
and thus E(G,G) = E(G,T). As G is Abelian, any transformation g of E{G,G) 
commutes with any element of G, and thus is uniquely determined through its value 
at 0, so coincide with the translation function by g{0) on G. □ 

As a consequence of this, we may identify with M" and i?(T",Z'^) 

with T". 

Propositions 13.91 and 13.101 infer the existence of the onto continuous morphisms 

TT* : ^(M^, -M'^ TT^ : E(T^, Z'^) ~T" 

with the composition properties: 7r{x.g) = 7r{x) + 7r*{g) for any x G M" and 
g G and irT{x.g) = TTfix) + TT*{g) for any x e T"^ and g £ E{T^,Z'^). 

Moreover, as the arrow vr* is proper, is locally compact implies that £'(M", Z""*""^) 
is also locally compact. 



3.2. Relation between and £^(T;?, Z'^). Now we relate the Ellis semi- 

group £'(]R", Z"'^'^) with E{T^,7j'^) by constructing a morphism p^^ from the first 
onto the latter. Observe that, although we have an onto continuous and Z""*"*^- 
equivariant map /j^^ : T" (where on the summand Z" acts trivially), since 

PZ" is not proper (as T" is compact and M" is not) proposition 13.91 do not infer the 
existence of /9^„ . 

We construct pj„ as follows. Write [x]^„ for the Z"-orbit in M" of x. 
We know that because the group Z""'"'^ is Abelian and dense in ii^(M", Z"'"'"'^), any 
transformation g of £^(R", Z"'"'"'^) commutes with any n G Z""*"*^ so [xj^n -g = [x.g]jTu 
for any x and any g. Hence any g passes through the quotient map p^n , defining so an 
element {g) in the compact space (T;?)'^? . The map : E{W^, 17'+'^) — > (T^)'^? 
is obviously a semigroup morphism, and is continuous with respect to the pointwise 
convergence topologies: For, we have the equality 

holding for any x and U , where x is any lift of x. Then by continuity of pz" and 
because Z""*""^ is dense in ii^(M", Z""*"'^), we get a continuous morphism 



p|;„:i^(M^,Z"n 



■^(T^,Z'^) 
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which, from its very construction, satisfies the equivariance condition pin[x.g) 
pZ"(x).pln{g) for any x and g £ ^(MJ?, 
It is direct to check that the diagramm 



E{T]^,Z'^) ~T 

is commutative. 



Lemma 3.11. The morphism is onto. 

Proof. Because the map pz" : M" -» T" is a covering map and is compact, 
there exist a compact subset K' of M" such that pz"{K') = T", that is we have 
= Ung^n K'.n. Take any point x in W^: The set K := V{x, K') is closed and Z"- 
generating, as it is easy to see thanks to the equahty V{x.,K').n = V{x,K' .{—n)). 
To show that K is compact, observe that ■k*{K) C 7t{K') — tt^x), which is a compact 
Euchdean set. Then K C (7r*)^^(7r(i^') — 7r(x)), in turn compact since accord- 
ing to proposition 13.91 it* is proper. K being closed, it is then compact. Finally, 
/9^„ (-E(M", Z"+'^)) contains Z" and is equal to p^„{K) which is compact, so is the 
full semigroup E{T^ □ 



Lemma 3.12. Ker(pJ„) = Z". 

Proof. Obviously the kernel of contains Z". Conversely, If g and h are transfor- 
mations in i?(M",Z"+'^) with same image in Z*^), then 7r*{g) and 7r*(/i) have 
same image on the torus, so differ by an element n € Z", say vr*(/i) + n = 7T*{g). 
Then h.n and g have same images under vr* and p^"- If a; is a point in M", 
pzri{x.h.n) = pzn{x.g) so there is an m € Z" with x.h.{n + m) = x.g. It follows 
that ^{x.h.n) + m = TT{x.g) = 7r(x) + Tr*{g) = 7r{x) + ■K*{h.n) = Tr{x. h.n), giving 
m = 0. This shows that h.n and g coincides at every point of M", ans thus are 
equal. □ 

In addition to these facts, we prove here that /9^„ is a covering map, so that any 
converging net of £'(¥", Z*^) can be lifted into a converging net of S(R", Z""^'^). 



Proposition 3.13. /9^„ is a covering map. 

Proof Given g £ E{T'^,Z'^), take U to be an open neighbourhood of 7r*((7) which 
is trivializing for [.]^n and select an open set V of M" with [.]^„ : V U. Hence 
[.]-^ ([/) = y.Z" ?« [/ X Z". Then U' := (vr* )-!([/) is an open neighbourhood of 
g such that V := {tt*)~^{V) and U' , as it is quite direct to show using commuta- 
tivity of the diagramm, onto properties of the maps and the equalities Ker{p^n) = 
Ker{[.\jn) = Z", are homeomorphic through yoJ„. Consequently {pjn,)~'^{U') = 
F'.Z" [/' X Z". □ 
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3.3. The topology of £;(R^, Z"+'^). In this paragraph we show that £;(M;?, 
has its topology generated by a family of what may be seen as half spaces, an 
uncountable family though. Remarkably, the Ellis semigroup ony depends on the 
relative position of the group Z"^'^ with respect to the collection of linear hyperspaces 
H^, i € /, so we could moove freely the affine spaces Ai along their orthogonal 
direction without altering the resulting Ellis semigroup. 

By proposition 12.81 the pointwise convergence topology on £'(M",Z"+'^) has a pre- 
basis of clopen sets given by the 

{V{x,Ac)\x£ M^, ^ G 21} 

Consider the family 

^:={Hj + z\i£l,te {-,0, +}, z e M"} 
This family if made up open half spaces and affine hyperspaces parallel to the -fTj's. 

Definition 3.14. Let P be a subset o/R". The set Pe (or [P]e) stands for the 
closure of P n Z"+'^ in E{W^, 



Proposition 3.15. The space £'(M", Z"'^'^) is totally disconnected, and the family 

is a pre-basis of clopen sets for the topology o/ £^(M", Z"'*''^). Moreover, any H £ 
satisfies Z"^'^ n [H]e = Z""*""^ n H, and for any pair H, H' of sets in Sj, the following 
Boolean rules are true: 

[H U H']e = HeUH'e [HeT = [H']e [h n H']e = HEnH'E 

Observe that the equality [H U H']e = He U H'^ is a straightforward property of 
the closing operation. 

The following lemma is a cornerstone for the sequel since it will gives us a dichotomy 
for what a set V{x, Ac) looks like: it corresponds to an open half space in or a 
closed one, only depending in some sense on the point x. For convenience we denote 
Af^ (resp. ^4"^^) to be the closed half space Af UAi (resp. A^ U Aj) for each i E I. 

Lemma 3.16. Consider the clopen set V{x, [A'^]c)- Then 

'[At'-7Tix)]E lfpAi)= + 

V{x, [Ail) = I [At - 7r{x)]E i/p.(i) = - 

. - Ax)]e = [At - 7t{x)]e i/p.(i) = oo 
The same holds with the + and — signs switched. 

Proof. Recall from lemma [2771 that two clopen sets are equal in £'(R",Z"+'^) if and 
only if they coincide on the dense subset Z"'^^. Given V{x, [At]c), an element 
m € Z"^'^ lies inside if and only if x.m G [^i'']c- Because [At]c is open, using 
proposition 12.121 and lemma [2.131 we have that x.m € [At]c if and only if 

(2) [C,i7r{x) + m,eo)]cC[At]c 
for some Eq. This is in turn equivalent to 

(3) C,i7rix) + m,eo)cAt 
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For, if ([2]) holds then applying vr we get Cx{tt{x) +m, eg) C Af , so taking interiors 
gives ([3]). Conversely if Q holds then intersecting with NS and next taking closure 
in gives 

Now we can deal with the more comfortable condition ([3]), as its statement only 
involves Euclidean sets. A rearrangement of ([3]) gives the equivalent condition 

(4) Cx{m,£o) cAf -nix) 

for some Eq, that is, the head of length eo of the cone Cx pointed at position m has 

to be included into the open half space Af — it{x). 

For m € Af — 7r(x) the inclusion (jl]) is automatically satisfied; 

For m € A~ — tt{x) the inclusion Q is never satisfied; 

If i G Itt{x)^ so that pxii) = ±, we have Z"~'"'^n (^j — tt{x)) non-void, so for m selected 
inside we have Ai — 7r{x) = Hf + m, giving Af — 7r(x) = Hf + m. In turns, the 
inclusion dH is satisfied if and only if Cx C Hf' (this latter property depending only 
on X rather than on the chosen m), that is pxii) = +• Taking closure in £'(M", Z""'"'^) 
leads to the stated dichotomy. 

If z ^ In{x)^ so that px{i) = oo, the intersection Z"'*"'^ n (A^ — 7r(x)) is void and the 
three sets become equal. 

The same argument hold when switching the + and — signs, giving the statement. 

□ 



Lemma 3.17. The family S)e is made of clopen sets of £'(M", Z""'"'^), and each 
H G S) satisfy the equality 

Moreover the Boolean rules of proposition \3.15\ hold. 

Proof. Any set of the form [Hf + z]e, with i G /, is clopen in S(M",Z"+'^). For, 
using the previous lemma [Hf + z]e is equal to V{x, [Af]c) if we choose x in the 
fiber above Oj — z, for any fixed Oj G Ai, and with extra condition px{i) = — in 
case i € Ia,-z- In addition we have n [Hf + z]e = Z"+'^ n V{x, [Af]c) = 

jn+d p _ = n {Hf + z). 

Similarly [H^ + z]e is clopen and satisfy 17'+'^ n [Hr + z]e = Z"+'^ n {Hr + z). 
Moreover the clopen sets [H~ + z]e and [Hf + z]e are disjoint by lemma [2771 since 
their intersection is clopen and contains no point of Z""*"'^. 

It remains the case of [H^+z]e. As is dense in £;(M^, Z"+'^) we have E{W^, Z"+'^) 
equal to [F" + z]e U [Hf + z]e U [Hf + z]e, so {[Hf + z]eY C [Hr + z]^ u [Hf + z]^^. 
This inclusion is in fact an equality. For, if we can find g G [Hf + z]e r\ {[H^ + 
z]e U [Hf + z]e), then there is a net in Z^^'^ n + z) converging to g, which, as 
{[H~ + z]e U [Hf + z]e) is clopen, has to eventually lie into Z"+'^ n {[Hr + z]e U 
+ + z]^) = Z"+'^ n {H~ \JHf + z), giving a contradiction. It follows that [Hf + z]e 
has a clopen complementary set, so is clopen. Moreover we have found 

(5) E{X,Z^+'') = [Hr + z]e U [Hf + z]e U [Hf + z]e 

(U means disjoint union). Intersecting ([5]) with Z""'"'^ gives Z"^"^ n [i^^^ + z]e = 

z^+'in{Hf + z). 

Finally, each H £ is either Hr + z, Hf + z or Hf + z. From ([5]) it follows that 
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{HeY — [H'^]e holds in each case. As the first and second Boolean rules hold, the 
third holds as well. □ 

Lemma 3.18. The family S)e is a pre-basis for the topology of E{W^,Z'^~^'^). 

Proof. As noted, a pre-basis is obtained by V{x, Ac) for x running over M" and A 
running over 21. A writes as Af + n, so Ac = [Af]c.n, and consequently V{x, Ac) = 
V{x.{—n), [Af]c)- By lemma [3.16l this is either [H^ — TT{x) + ai + n\E or [H^ — 7r{x) + 
0'i + n\E U [Hf — it{x) + Oi + n]_E where is any vector of Ai. Consequently V{x, Ac) 
is either an element of i^^; or a finite union of elements oi ^e- This implies that ^e 
is a pre-basis for the topology of £'(M", Z""'"'^). □ 

3.4. Neighborhood basis for i?(R",Z"+'^) and transformation types. 

Here we want to exibit a neighborhood basis for any transformation g G £^(M", Z"^'^). 
By proposition 12.91 it suffice to find a clopen neighborhood of g isolating it among 
its fiber with respect to vr*. 

Definition 3.19. A transformation type is a map i : / — > { — ,0,-|-} such that its 

associated cone Ct := Plje/ non-empty. We denote the set of transformation 
types by 1. 

We point out that t and Ct uniquely determine each other, and that the family 
of cones associated to each element of T partition M"' into cones pointed at 0, of 
dimension between and n. 

Example 3.20. 

In the octagonal tiling case the family T partition 
into 17 different cones: one being {0}, eight open half 
lines {Li, ...,Ls}, pointed at 0, with labels such that Li, 
-Lj_|_4 C for all 1 ^ i ^ A, and eight open l/8th spaces 
{Ci, ...jCs} pointed at 0. With respect to the orientation 
endowed on each hyperplan in \2.1\ we see for instance that 
tLi(l) = 0, til (2) = til (3) = - and = -■ In the 

same way each cone determine each transformation type in 
T uniquely. 

Recall that we have the decomposition ([5]) 

E{K^ ^"+') = [Hi + Ae U [H^i + z]e U [H+ + z]e 
into three disjoint clopen sets, which holds for each index i € I and any z € M". 

Definition 3.21. The translation part of g e E{W;i, Z"+'^) is the image point TT* (g) G 

The transformation type tg of g is the element of T uniquely defined through the 
inclusion g G [h\'^'^^'^ + TT*{g)]E for all i G I. We denote Cg := Ct^. 

The fact that the cones Cg previously associated are non-empty is shown in the 
proof of the next proposition. 
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Proposition 3.22. Any transformation (7 € Ec has an open neighbourhood basis of 
the form 

{U{g,e) := [Cg + 7T*ig)]E D {7T*)-\B{7r*ig),e))},:,o 

Proof. Fix g £ £^(M", Z""*"'^). From the very definition of ig we have g € [f'"^*^ + 
7T*{g)]E for each i € /. On the other hand the Boolean rules of proposition 13.151 vield 

f]iei[Hl'^'^ + ^*i9)]E = [f]^eIHl'^'^ + ^*i9)]E = [Cg + 7T*{g)]E, so we deduce that 
g £ [Cg + TT*{g)]E, ensuring also that Cg is non-empty. 

If h ^ g is such that 7r*{h) = TT*{g) then by proposition 13.151 there exists z G M" and 
iQ £ I such that g and h lie into different clopen sets in the disjoint decomposition 

= [HT^ + z]e U [Hi + z]e U [H+ + z]e 

This already implies that z is equal to Ty*{g) = vr*(/i) up to a vector of H^, and it 
follows that tg(io) 7^ t/i(^)5 so the cones Cg and C/i are disjoint in M". Consequently 
[Cg + Ti*{g)]E and [C/i + 'K*{h)\E are disjoint, and this implies that g is the unique 
transformation, among its fiber with respect to vr*, contained into [Cg + -K*{g)\E- As 
this latter is clopen in Z""*"'^), we can conclude by proposition 12.91 that the 

stated family is a neighbourhood basis for g in S(R", Z"^'^). □ 



Corollary 3.23. The spaces E{W^,'E''+'^) and E{T'^,Z'^) are first countable, and the 
flow (T",Z'^) is tame. 

We may introduce a notation: for a point z G and a cone C associated to 
a transformation type in T, denote by C{z,e) the set z + C H B{0,£). This is 
geometrically the head of the cone C of length e pointed at position z, and is a part 
of the ball B{z,£). Observe that z ^ C{z,e) unless the cone C is the singleton {0} 
(in which case C{z,e) = {z} for all e), and that we always have z G C{z,e) in M". 

Remark 3.24. Using proposition \3.15\ we have 

U{g,e)nZ^+^ = Cg{7r*{g),e)nZ^+^ 

holding for each transformation g G £'(IR", Z"^'^). Thus a sequence of elements of 
^n+d QQjiygfgQg Iq g iji E {W^ , 1^"''^'^) if ttnd only if it converges to vr*(g) in M" and 
eventually lies into TT*{g) + Cg. 



4. The structure of E{T'^,Z'^) 

In this last section we make use of the onto morphism tt* together with the 
the collection of transformation types to derive a picture of the Ellis semigroup 
£'(R", Z""*""^). We describe the topology as well as the algebraic structure only by 
means of thanslation parts and transformation types associated to each transforma- 
tion g G S(M", Z"+'^). Moreover, using the picture of stated in theorem 12.141 
we refine the action of the Ellis semigroup onto the cut up space. These results are 
finally applied to give a complete description of £'(¥", Z'^), as well as its action on 
the cut up torus T". 
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4.1. The main structure theorem. 
Proposition 4.1. The map 

B {TT*{g),tg) G [{z,t) G X 1 I z G (Ct + z) n 

associating to each transformation its translation and transformation type is well- 
defined and bijective. 

Proof. We first check that the stated map is well-defined: From proposition 13.221 
each transformation g G E[W^, Z""^'^) is the limit point of a sequence in Z"''"'^, which 
from remark [3.241 converges to TT*{g) in the Euclidean topology and has to lie into 
Z^+'inUig, e) = Z"+'^nCg(7r*(5), e) eventually. We thus obtain in particular ■K*{g) G 
{Cg + TT*{g)) n Z^+'^j and the map is well-defined. 

The neighborhood basis associated to each transformation g in proposition 13.221 only 
depends upon the pair {Tr*{g),ig), so the stated map is 1-to-l. 

The map is also onto: to each pair (z, t) with condition z G (Ct + z) n Z"'+'^, we 
have a non-empty intersection Ct(z, e) fl Z""^'^ for each e > 0, and thus the family 
{[Ci{z,e)]E}^^o forms a filterbase in Z""'"'^). Let eo > be chosen, for any 

e < Eq we have [Ct(z,e)]_E C {it*)~^ {Ci{z, eq)) , this latter set being compact since 
Ct(z, eo) is compact and vr* is proper. This means that eventually on e the filterbase 
is contained into a fixed compact set of ii^(]R", Z"'^'^). It then possess an accumulation 
point g, which has to satisfy TT*{g) = z and Cg = Ct. Thus the map is onto. □ 



Definition 4.2. We call the Euclidean subset := |z G | z G (Ct + z) D Z"+'^| 
the set of allowed translations for t. 

We call a transformation type t trivial if the set of allowed translations M" is empty. 
We denote by Tq the family of non-trivial transformation types. 

Prom proposition 14.11 the transformation type of any g G i^'(M", Z""'"'^) is always 
non-trivial (as T^*{g) G Kt!,), so in the sequel we only consider non-trivial transfor- 
mation types. 

Observe that any set M" is stable under translation by Z""'"'^. 

Proposition 4.3. For each non-trivial transformation type t G Tq there is a unique 
Euclidean subspace Wi C M" with 

= Wi + Z"+'^ 
Moreover Wi fl Z"^'^ is dense in Wi for each t. 

Proof. Consider for any transformation type t the vector subspace < Ct > of M". 
From theorem 2.3 of [lOj . It splits as the direct sum decomposition 

< Ct >= Wi + A 

into vector subspaces such that Z""*''^ fl Wi is dense in Wi, Z"^'^ fl Di is uniformly 
discrete in A, and Z"+'^ = (Z"+'^ n Wi) + (Z"+'^ n A) ■ 

Write P^ (resp. P^) to be the linear skew projection onto Wi along A (resp. the 
hnear skew projection onto A along Wi). Note that P^(Z"+"') = Z"+'^ n Wi and 

pDf^jn+d-^ = Z'^+'^n A- 

We show that M" is contained into Wi-\-Z"'~^'^: Let z G M", this latter being non-empty 
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from the requirement t € Tq. Hence there exist a sequence {nk)keN C Z"+'^n (Ct + z) 
converging to z in R", so that P^{nk) — > P°{z) and -P^(nfc) — ^ P^{z). The 
sequence {P^ {ni?))k(m lies into Z""'"'^ n which is uniformly discrete in Di, so since 
it converges we get P^{z) = P^iHk) S Z"^'^ for great enough k. It follows that 
z = pW{z) + P^{z) £Wi + 

We point out that we eventually have P^ijik) = Rk - P^{z) G Z"-+'^ n (Ct + - 
P^(z), with P^{z) £ Z"+^, so eventually P^in^) G Z"+^ n (Ct + ^^(2)). Then 
-P^difc) ~ P^{z) = P^ {rif. — z) eventually lies into both Wi and Ct, which ensure 
the intersection Ct fl Wi to be non-empty. 

Conversely we show that R" contains Wi + Z"^'^: here it obviously suffice to show 
that contains Wi. 

First observe that Ct R VFt is a non-empty open cone of Wi. for, Ct is an open cone 
of < Ct >, as the space < Ct > is nothing but flie/ t(i)=o -^i^ (which is the whole 
space M" in case t is never 0), and Ct writes as the intersection of this space with 
the open cone Hie/ ^i^^^ (™ ^^^^ ^ always this gives Ct =< Ct >= {0}). 
Let then z be into Wi. Because Ct fl VFt is a non-empty open cone of Wi, containing 
in its closure, (Ct + z) (iWi = (Ct H Wi) + 2; is an open set of Wi, containing z in its 
closure. As Z'^'^'^nWi is dense in Wi, we may select a sequence in Z"'+'^n (Ct+z) n Wt 
converging to z. This ensure that z E M". □ 

From proposition 14.11 and 14.31 we have obtained an identification of the transfor- 
mation semigroup E(MJ?,Z"+'^) with the disjoint union of Euclidean subsets 



by identifying any transformation with its pair of translation part and transformation 
type. Our next goal will be to endow this union with the corresponding topology 
and semigroup law. 

Let us introduce the following notation: 

for t a non-trivial transformation type, write 



As it is pointed out in the proof of proposition 14.31 this set is always non-empty 
(provided that t is non-trivial), and is a cone pointed at in M". For each z € M" 
and each e > we denote Ct'(2;, e) to be (-6(0, e) n C() -|- z, the head of the cone C^ of 
length e pointed at position z. Obviously Ct'(2;,e) C B{z,e) whatever the t, z and e. 
Here we state our main result: 

Theorem 4.4. Let To he the collection of non-trivial transformation types, and let 
Wi he the Euclidean space associated with t G To of proposition \4-3\ The map 




tGTo 



Ct' := Ct n Wi 



i?(M^,Z"+^)95^(^*(5),tg)G □ [ 



Wi + I' 



■n+d 



X{t} 



teXo 



associating to each transformation its translation and transformation type is a topo- 
logical isomorphism of semigroups, with right term equiped with: 
- the semigroup law given hy (z,i).{z' ,t') = (z + z',t.t'), where the semigroup law on 



24 JEAN-BAPTISTE AUJOGUE 

To writes: 

- the topology of convergence: {zn,in) — > iff 

Ve > 0,35n > such that C[^{zn,6n) C C[{z,e) for large enough n 

We consider first the algebraic part of the statement. Let us endow To with the 
composition law stated in theorem 14.41 

Observe that T is made up idempotent elements, that is t.t = t for any transformation 
type t. 

Proposition 4.5. Any g and h in E{W^,'E^^'^) satisfy the equality ig h = t^.t^. 

Proof. Because g.h € [Cg,h + T^* {g-h)]E and the product law on £'(IR", Z^^'^) is right- 
continuous, we can choose n G Z"^'^ sufficiently close to h in the sense that 

{€) g.n e [Cg,h + 7r*{g.h)]E (H) neCh + vr*(/i) 

From (i) we have U{g.n,eo) C [Cg,h + '^*ig-h)]E for some eo > 0, so intersecting with 
^n+cf gg|. ^Yig^^ Cg{Tr*{g) + n,e) intersect Cg,h + '^*{g-h) for any e ^ eo. This means 
that 

Cg{n-7r*{h),eo)nCg,hy^^ye i^eo with {n- TT*{h)) e Ch 
Now divide the situation into three cases: 

(1) ih{i) = +'■ then (n — '/r*(/i)) G C/i C , so there is an ei > 0, which can be 
chosen ^ eq, with B{n — 7r*(/i),ei) C H^. As a result, Cg{n — 7r*(/i),ei) C B{n — 
7r*(/i),ei) C so has non-empty intersection with Cg,h, giving Cg,h C H^, 
that is ig.h{i) = +■ 

(2) th{i) = —■ this case rules out as the previous case, giving ig.h{i) = —■ 

(3) ih{i) = 0: then (n - 7r*(/i)) € so Cg(n - 7r*(/i), eo) C F-"^*^ whatever tg(i) is. 
We deduce that Cg{n — 7r*(/i),eo) fl H^^^^^ n Cg,h is non-empty, thus giving Cg,h C 

that is Vft(i) = t^li). 
Considering these three cases we have tg^h = ^g-^h holding. □ 



Corollary 4.6. The law on To is a semigroup product. Each pair of transformations 
g and h satisfy 

{Tr*{g.h),tg,h) = {Tr*{g)+Tr*{h),tg.ih) 

Moreover, Tq is isomorphic with the subsemigroup 3 of idempotent transformations 
of E{W^,T^+'^). 

Proof. The equality for any pair g and h follows from the very construction of vr* 
and proposition 14.51 In particular we have, as lies into M" for any non-trivial 
transformation type, 

(0,t.t') = (0,t).(0,t') G 

And thus t.t' G To, that is, To is a (associative) semigroup. Now the collec- 
tion 3 of idempotent transformations has to be contained into {(0,t) | t G Tq}, iso- 
morphic with Tq. As this latter is made up idempotent elements, it follows that 
a = {(0,t) |tGTo}~To. □ 
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Remark 4.7. For any transformation type t the set [Wt + Z""'"'^] x {t} is a subgroup 
of E{W^,Z,"'^'^), with identity (0, t), isomorphic through vr* with a subgroup o/R". 

Next we show the topological part of theorem 14.41 

Lemma 4.8. There exists an Sq > such that, for any t € To and z € = 

+ Z"+'^, we have 

Ct{z, e) n = C[{z, e) n VO < e ^ £0 

Proof. Obviously Ct{z,e) contains C[{z,e) whatever the e > 0. Conversely, consider 
t G To with associated cone Ct in M". We have the direct sum decomposition 

< d >= Wi + A 

into vector subspaces such that Z^^'^ n Wi is dense in Wi, TL^^^ n Di is uniformly 

discrete in A, and = n W^ + n A) • 

If et > denotes the radius of discreteness of {TP'^'^ n we obtain 

<Ci> nB{z, Ei) n = (Wi + z)n b{z, eO n 

for any z G VFt+Z""^'^. Hence by intersecting with Ci+z we obtain, as by construction 

Ci c< Ci >, 

Ci{z, Ei) n z"+'^ = {Wi + z)n (Ct + z) n et) n = Ct'(z, et) n 

Taking eo to be the minimum over et, t € To, gives the statement. □ 

Lemma 4.9. Any transformation g G £'(]R", Z"'+'^) and ei < 62 satisfies 

U{g,ei) C [Cg{TT*{g),ei)]E CU{g,e2) 

Proof. We start with the left hand inclusion. As U{g, ei) is open in E{W^, Z""'"'^) and 
Z"+'^ is dense, using remark [Ml we have Cg(7r*(c/),e)nZ"+'^ = ei)nZ'"+'=' dense 
in U{g,ei). It follows that U{g,ei) C Cg{TT*{g),£i), with closure in ^^(M;?, Z"+'^), 
which is nothing but [Cg{Tr*(g),ei)]E- 

For the right hand inclusion, consider h € [Cg{Tr*{g),ei)]E- By definition there 
is a net in Z""'"'' R Cg(7r*(5), ei) converging to h in £^(M", Z'^^'^). Hence this net 
lies into both Z"+'^ n {Cg + 7r*(5)) = Z"+'^ n [C7g + 7r*{g)]c and into 5(7r*(5),ei) C 
B{ir*{g),ei) C B{TT*{g),e2), where -B denote the closed Euclidean ball. It follows by 
taking limit that h G [Cg + TT*{g)]Eri{7r*)~'^{B{Tr*{g),e2)) = U{g,e2), as desired. □ 

Proposition 4.10. For gn -H- {zn-,in) md g o {z,i), we have gn — > g if and only 
if 

Ve > 0, 3(5„ > such that Ct'^(z„,(5„) C C((z,e) for large enough n 

Proof. Let then gn ^ {zn-,in) and g o (z,t). By proposition 13.221 gn — )■ g if and 
only if 

VO < e ^ eo, (7n G U{g,e) for great enough n 
for any fixed eo, chosen here to be the constant of lemma HTHl It is equivalent to 
V < e ^ eo, 3 J„ > such that U{gn, ^n) C U{g, e) for great enough n 
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Taking 6n ^ eo SLiad intersecting with Z""'"'^ leads by remark 13.241 and the previous 
lemma to the existence for all < e ^ eo of some < 5„ ^ eo such that 

C[ {zn, 5n) n C C[{z, e) n for great enough n 



This implies that Zn € C^^{zn,Sn) C C[{z,e). Now as z lies into Wi + there 
exists a m G Z^^'^ such that z eWi + m. It follows that 2;„ € (z^, 5n) C W^t + ZH, 
so that z„ — m G C( ( — 6fi) CZ VFt- In turns, the affine space generated by 
{zn — rn, Sn) is contained into Wi, and as it is nothing but Wt^ + Zn — rnwe obtain 

Wi„+ Zn CWi + m = Wi + z 

Now C^{z,e) is open in Wi + z, so (Wt„ + -^n) H C((2;,e) is open in Wi^ + Zn, and 
non-empty since there is the inclusion of non-empty sets 

c'ijzn, dn) n c {Wi^ + Zn) n c[{z, e) n 

We may easily show that C(^(z„, (5„) and (IVt„ + Zn) n C((z, e) are regular open sets 
of Wi^ + Zn, and since (Wt„ + -Zn) n is dense in Wi^ + Zn we can conclude, by 
taking closure an next interior in Wi^ + z„, that 

V < e ^ eo; 3 < 5„ ^ eo such that Q'^ {zn, Sn) C C((z, e) for great enough n 

Thus we have the " =^ " part of the statement. 
Conversely if we suppose that 

Ve > 0,35„ > such that C(^(z„,(5„) C C[{z,e) for large enough n 

then intersecting with Z""'''^ and taking closure in £'(M", Z""*"'^) gives 

Ve > 0,35„ > such that [C[^{zn,5n)]E C [Cl{z,e)]E for large enough n 

Now by lemma S2] we deduce that 

Ve > 0, 35'n > such that Qn S U{gn, S'n) C U{g, e) for large enough n 

so that 5(„ — > g. □ 

Remark 4.11. We proved along the preceeding lines that if (z„,t„) — > iz,i) then 
for great enough n we have 

Wi^ +ZnCWi + Z 

In particular, for any fixed non-trivial transformation type to the disjoint union 

I Wi + z^+'^T 



U [' 



x{l} 

is closed with respect to the topology of theorem \4-4\ 



Example 4.12. In the octagonal example, as Cj is open for all 1 ^ j ^ 8, the gen- 
erated space < Cj > if all M^. Z^ is dense we have Wi^, = M?, and consequently 
M2 = 1^2 alll j iC,8. Moreover, < Li > = < Li+4 >= Hi for a// 1 ^ i ^ 4, 
and the group Hi fl Z^ is dense in Hi (being not monogen), so Wi^, = Wi^, = Hi 
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for a// 1 ^ i ^ 4. It yields Rf^ = Kl-^^ = Hi + Z'^ for a// 1 ^ i ^ 4. Finally we 
have M|Q| = so we get a semigroup isomorphism and homeomorphism 



2 U7A\ 
oct^ ' 



with topology and semigroup law given by theorem\4-4\ 



We can for instance compute the product ic^-^Lx- iLi(l) = 
and tL,(i) = - /or i = 2,3,4 so tc4-tLi(l) = tc4(l) = + 
and tc4.tL,(i) = tLi(i) = - for i = 2,3,4. Hence ic^-iLi = 



C3 



C4 



-C3 



C2 



Cl 



C5 



^6 



4.2. Action formula. Set for any p € and t G To a map p.t : / — > { — , +, oo}, 
as 

Proposition 4.13. T/ie Ellis action x £'(M", Z"'+'^) — )• is recovered as 
{z,p).{z' ,i) = {z + z' ,p') where p'{i): = 



Proof. Let x and (7 be chosen, corresponding to the pairs (7r(a;),pa;) and {-K*{g),ig). 
It suffice to show that p^-tg = px.g on the domain Dom{px.g) = I-K{x.g) = In{x)+Tr*{g)- 
Since the evaluation map E{W^,Z''+'^) MJ? at point X is continuous we can find an 
n G Z""*"*^ such that n is close to g and x.n is close to x.g, that is 

x.ne [Cx.g + TT{x.g)]c lie{Cg + TT*{g)) 

Applying vr we obtain 7r(x) + n € {Cx.g + vr(x) + 7r*((7)), giving that n is both 
contained into Cx.g + T^*{g) and Cg + TT*{g). It follows that Cg and C^.g have non- 
empty intersection. 

Select i in Dom{px.g) = lTT(x)+-K*(g)- There is three cases: 

(1) ig{i) = +: then px-tg(i) = +. Moreover, as Cg C , Cx.g intersect the open set 
so the intersection Cx.g n must be non-empty. This force Cx.g to be included 

into giving px.g{i) = +• 

(2) ig{i) = — : this rules out as the previous case, giving px-ig{i) = Px.gi'i) = — • 

(3) ig{i) = 0: Thus px-tg(i) = px{i)- Let us show the equality px.gi^) = Pxi^)'- as 
ig{i) = 0, by remark [3.24l we can choose a sequence of elements G Z"'^'^, converging 

to (7, withn^ G Cg+iT*{g) C fff -|-7r*((7). Consequently x.n^, G ([i/]''^^*^ -|-7r(x)]c).?lfc = 
[i/P^« + ^(^) + ^^]^ c [F^(^) + tt{x) +H^ + TT*{g)], = [H^^^'^ + 7T{x.g)l. Taking 



p.t(i) ifiel, 
00 e/se 
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the limit on k we get x.g G [H^''^'^ + 7r{x.g)]c, giving px.gii) = px{i)- 

Consequently, px.gii) = Px-^g{i) for any i G Dom{px.g), giving the statement. □ 

The action may be rephrased in terms of cones as follows: if we are given two 
couples {z,p) and {z',i), the corresponding image point is the point above z + z' 
with cone containing Cp.t (one may show that Cp.t is always non-empty). 

4.3. Order, minimal idempotents and the minimal ideal. 
Definition 4.14. The algebraic pre-order on To is defined by: 

i ^ i' if and only if i.i' = t 
We denote by %min to be the set of minimal transformation types in (Zq, ^). 

Proposition 4.15. The algebraic pre-order is an order on To, and i < i' if and only 
if the cone is a lower dimensionnal facet of the cone C^. 

Proof. Suppose that it' = t and t'.t = t'. For i G I, t(i) = t.t'(i) so if t'(i) / i{i) 
then t'(i) must be equal to 0. But we have in turns = t'(i) = t'.t(z), which force 
t(i) to be as well. Hence t and t' coincides on I so are equal. It follows that the 
pre-order is an order on To- 

Now, observe that the cone Cf is a lower dimensionnal facet of the cone Q if and 
only if Cf C Ct \ Cf. Then suppose t < t': we have t.t'(i) = t(i) for all i G /, 
and because t and t' are different the subset J C / of indices with t'(j) ^ t(j) is 
non-empty. This automatically implies that t'(j) = and t(j) ^ 0. It follows that 
for each index i G /, either Ci and Cv are in the same relative position with or 
Cf lies in the boundary space whereas C{ lies into some open half part. From 
this it easily follows that Cf C Ct \ Ct. 
Conversely, if Cf C Ct \ Ct then for each index i G /: 

- i{i) = means that Cf C Q C Hf, so t'(z) = 0. 

- t(z) = + implies that Cf C C" C that is, t'(i) = or -F. 

- = - implies that Cf C Ct C H^^, that is, i'{i) = or -. 

Considering there three cases we obtain t.t'(i) = t(z) for each i, so that t ^ t'. Since 
we supposed Cf different from Ct we thus obtain t < t'. 

□ 

Example 4.16. In the octagonal example {Ct | t G To = T} consist of 17 cones. 
According to the order previously defined, all the cones Ci,...,C8 are minimal, and 
each cone Li,...,L^ have two inferior cones, namely their respective closest neigh- 
bours among Ci, Cg. The one point set {0} is maximal, that is, all the other cones 
are inferior. 

Definition 4.17. a subset 3 of E{W^,Z''+'^) is a (right) ideal if for any g € 3 and 
h G E{W^,Z"'^'^) the composition g.h lies into 3. An ideal is said to be minimal if it 
does not contain any proper ideal o/ £'(R", Z""'"''). 
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Proposition 4.18. For each non-trivial transformation type t the following are 
equivalent: 

(i) t is minimal {ii) t(i) / on / {Hi) Wi = R" 

The set 

9Jt := M" X Irmn 

is closed, and is the unique minimal ideal o/ Z"^'^). Moreover the product on 
dJt writes as 

{z,i).{z',i') = {z + z',t') 

Proof. Suppose that t E (To, ^) is minimal. If t(io) = for some zq £ I, consider 
any non-trivial transformation type t' with t'(io) 7^ (it suffice to take one with 
associated cone not included in H^^), and put to := t'.t. Then io{io) = t'.t(io) = 
t'{io) 7^ t{io) so to and t are different transformation types, and nonetheless we have 
to-t = (t'.t).t = t'.t = to, as any transformation type is idempotent. Thus to < t, 
which contradict the fact that t was assumed to be minimal. Hence t(i) ^ on /. 
If / on /, then Ct is open in M", so < Ct >= M" in which Z""'"'^ is dense, so 
we get Wi = W. 

If Wi = M" then as Ci = C\nWi = d is open in Wi = M" we deduce / for 
each i £ I. It follows that t'.t(i) = i{i) on I for any other transformation type t', 
giving that t is minimal. 

Consider next the stated set lUt := M" x Tmj„. It is closed by remark 14.111 By 
theorem [331 lies into the Elhs semigroup £'(M", Z"+'^). 

Consider then any (z, t) G 5!Jt and any {z\ t') G E{W^, with product {z, t).(z', t') 

{z + z', t.t'). As t never vanishes on /, thanks to the product law on Tq the product 
t.t' will never vanishes on / whatever the value of t' is, and so t.t' is minimal. The 
product pair is then into so 9Jt is a right ideal. Also the product law on 9Jl 
directly derives from the product law on the transformation types, 
we show that 9Jt is the unique minimal ideal: 

Suppose 971' is another right ideal, containing some (z, t). Let (0, to) G 9H, so that the 
product writes (z,t).(0,to) = (z,to) (as to is never 0) and lies into QJt'. Then as to is 
minimal we have (-2;,to) G £;(M^,Z"+'^) and the product (z, to).(-z, to) = (0,to) lies 
into 9JT'. Consequently Tl = (0,to).9Jt = (0, to).^(M^, Z'^+'^) C Tl' .E{W^,I7'+'^) = 
9Jt'. It follows that any right ideal contains thus this latter is a minimal ideal, 
and is the unique one. □ 



4.4. Results for the cut up torus. The analysis made in the two previous 
sections pass through the Z"-quotient map on the Ellis semigroup £"(¥", Z*^), giving: 



Theorem 4.19. LetTo be the collection of non-trivial transformation types, and let 
Wi be the Euclidean space associated with t G To of proposition \4.3\ The map 

E{T:,Z'') 3 g ^ (^i(5),t,) G □ [Wi + Z^^'^] /z^ x {t} 

teXo 

associating to each transformation its translation and transformation type is a topo- 
logical semigroup isomorphism, with right term equiped with: 



if (i) : = 
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- the semigroup law given by {z,i).{z' = (z + z' where the semigroup law on 
To writes: 

\'{i) z/t'(i)/0 
^t{i) tft'{t) = 

- the topology of convergence: (z„,t„) — > if and only if Zn — z lifts into a 
sequence Zn — z of M" such that 

Ve > 0, 35n > such that {zn, 5„) C C[{z_, e) for large enough n 
Moreover, 

- the semigroup E{T'^,Z'^) acts on through (z,p).(z',t) = {z + z',)?'), where 

1 oo else [p(^) = 

- Each [Wt + r]/^^ X {t} is a subgroup of E{T'^,Z'^) with identity (0,t). 

- the semigroup To is isomorphic with the collection of idempotent transformations 
in £'(T", Z'^), each writing as (0,t) for some t € Tq. 

- The general theory on Ellis semigroup endows the collection of idempotent trans- 
formations with an pre- order. It is here an order, given on Tq by t ^ i' if and only 
the cone Cf/ is equal or a lower dimensionnal facet of the cone Ct- 

- Z"^) has a unique minimal ideal, given by T" x Tmm if ^min denotes the 
subsemigroup of Tq of minimal idempotents regarding the order. 



Example 4.20. In the octagonal example we have the semigroup isomorphism and 
homeomorphism 



7d=2 



with topology and semigroup law given by theorem \4.19 



The example of a Sturmian system (X^^jj, Z) arising as the coding of a rotation by 
a on the circle by block exchange [0, (3) U [^,1) is covered by the previous analysis 
applied to a 1-dimensionnal Euclidean space, with 'affine hyperspaces' the singletons 
{0} and {/?}, and dense subgroup Z"^^ + aZ"^^^, a being an irrational number. It 
leads to the semigroup 

EiX^^(,,Z) = T X {q-,q+}\JaZ 

which in particular does not depend upon the value < /3 < 1 (neither algebraicaly 
nor topologicaly) . The subspace T x {q~,q^} is the unique minimal right ideal of 
the Ellis semigroup, a compact space which was already computed in [B] in the case 
a = /3, and called the 'two arrows space' of Alexandroff and Urysohn (see also [2] 
p. 212). In the octagonal tiling case the subspace x {ic^} is, in the same spirit, 

the unique minimal right ideal of the Ellis semigroup and a compact subspace. 
If we consider a spliting of the circle by [0,/3i) U [/3i,/32) U ... U [/3n;l) instead of 
only two blocks for the coding of an irrationnal rotation by a, then the resulting 
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compact dynamical system {^a,i3i,i32,...,l3„i'^) is the rotation on the cut up circle ob- 
tained from the one-dimensionnal Euclidean space with dense subgroup Z'^^^+aZ"'^^ 
and {0} , {/3i} , {/32} , {/3„} as the collection of 'hyper planes'. The associated Ellis 
semigroup thus writes also as 

i^(XaA,/32,...,/3„,^) =Tr X {g-,g+}|JaZ 

This is the same as the result of Pikula [8J , who considers the case of a N-action 
of this system. 
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